Abstract: We study an optimal investment problem in a continuous-time framework where the interest rates follow t h e C o x-Ingersoll-Ross dynamics. Closed form formulae for the optimal investment strategy are obtained by assuming the completeness of nancial markets and CRRA utility function. In particular, we study the behaviour of the solution when time approaches to the terminal date.
Introduction
We study an optimal investment problem with a stochastic term structure of the interest rates.
Optimal consumption-investment problems are studied in the literature since a long time (see e.g. Merton 1971 where the interest rates are constant). Afterwards, many authors have i n troduced a stochastic term structure for the interest rates.
On one hand, some papers like Karatzas, Lehoczky and Shreve (1987) and Karatzas (1989) do not specify the stochastic process for the interest rates, which leads to very general results. However, this general feature does not lead to explicit solutions for the optimal policies.
On the other hand, papers by Bajeux-Besnainou, Jordan and Portait (1998) and S rensen (1999) choose a Vasi ek speci cation for the term structure. This choice permits to obtain a closed-form solution. Bajeux-Besnainou, Jordan and Portait (1998) analyse the dynamic behaviour of the solution. S rensen (1999) concentrates on implementation issues in a discrete time setting.
In this paper, we i n vestigate the case where interest rates follow the CoxIngersoll-Ross (hereafter called CIR) dynamics. Contrarly to the Vasi ek one, the CIR speci cation does not permit negative interest rates. This is the main reason why Rogers (1995) recommends to choose the CIR rather than the Vasi ek speci cation. However, the CIR speci cation is less easy to manage, since in this case the distribution of the price de ator is unknown, contrarly to the Vasi ek case.
Assuming completeness of the nancial market and power utility function, we obtain a closed-form solution by the use of the Cox-Huang methodology. Cox and Huang (1989) characterize the value function of the consumptioninvestment problem :
(i) as a conditional expected value, (ii) as the solution of a linear partial di erential equation when the stochastic processes are speci ed, this PDE is much simpler to solve than the highly non linear Hamilton-Jacobi-Bellman equation which comes from the usual dynamic programming method.
Moreover, Cox and Huang (1989) obtain an explicit form for the value function when all the parameters (and in particular the interest rates) are constant.
In the following, we compute the value function in a CIR framework by using the rst characterization. Afterwards, we study the behaviour of the solution when time approaches to the terminal date, and we compare our optimal strategies with the ones obtained in the Vasi ek framework.
The paper is organized as follows: in section 2 we de ne the market structure and introduce the optimization problem. In section 3, we solve explicitely the problem in the power utility case. In section 4, we analyze the behaviour of the solution and compare our results with the ones obtained in the Vasi ek case.
The model
In this section, we present:
(i) the nancial market, that is the assets available and their dynamics, (ii) the optimization program, that is the characteristics of the agent and his optimization criteria.
The nancial market
The market is assumed to be arbitrage-free, complete and continuously open between 0 and T, where T is a strictly positive real number. Randomness is described by a 2-dimensional Brownian motion z(t) = f(z(t) z r (t)) 0 t 2 0 T ]g (hereafter 0 denotes transposition) de ned on a complete probability space ( F P ), where P is the real world probability. The ltration F = (F t ) t 0 , represents the information structure assumed to be generated by the Brownian motion and satisfying the usual conditions. Hereafter E t stands for E (: j F t ), the conditional expected value under the real world probability.
We suppose that the stochastic short-term interest rate process r t follows the CIR dynamics: dr t = ( a ; br t )dt ; r p r t dz r (t) t 0
(1) where the coe cients r a b and r 0 are supposed to be strictly positive constants and 2a 2 r , so that P fr t > 0 8t 2 0 T ]g = 1 . Note that, without loss of generality, we use ; r p r t dz r (t) in equation (1) (4) (ii) The price of the bond is given by the explicit formula B(t T) = e x p f;a (T ; t) ; r t h(T ; t)g Note that the function h(t) is the derivative o f (t). We suppose that the nancial market contains three assets, which c a n b e bought or sold without incurring any restriction like short sales constraints or trading costs. With these three assets, the market is complete, which means that all risks can bereplicated by a self-nancing portfolio.
The rst asset is the riskless asset (i.e. the cash): its price, denoted by S 0 (t) t 0, e v olves according to: dS 0 (t) S 0 (t) = r t dt S 0 (0) = 1:
The second asset is a zero-coupon bondwith maturity T and the third asset is a stock, whose price is denoted by S(t) t 0. The dynamics of S(t) are given by: dS(t) S(t) = r t dt+ 1 (dz(t) + 1 dt)+ 2 p r t (dz r (t) + r p r t dt) S( 0 ) = 1 (6) where the parameters ( 1 > 0 2 > 0 1 r ) are assumed to be constant. Rememberthatz and z r are independent. Notice that Merton (1971) considered in a constant interest rate framework only the rst volatility term. As the stock prices also will be in uenced by the stochastic interest rates, we introduce the term with the Brownian motion of the short-term interest rates with the corresponding CIR market price of risk (see Bajeux-Besnainou et al. 1998 , 1999 
The optimization program
We consider a nancial agent endowed with a strictly positive initial wealth Y 0 . His preferences are described by a utility function U : R + nf0g ! R, increasing, strictly concave, satisfying the Inada conditions U 0 (+1) = 0 and U 0 (0) = +1, a n d lim y!0 + U(y) ; 1 .
These conditions are for example satis ed by the family of CRRA utility functions which are de ned by: U(y) = y 2 (;1 1)nf0g: (9) Denoting by (1 ; B t ; S t ) (resp. B t resp. S t ) the proportion of wealth invested into the riskless asset, (resp. the bond, resp. the stock), the program of the agent is to maximize the expected utility of his terminal wealth under feasibility constraints, namely: where is the Lagrangian multiplier associated to (15). The optimal wealth at time t 0 is associated to the following function: 
F(H(t) t ) = E t H(t) H(T) I H(T)
However, when the interest rates follow the CIR dynamics, the distribution of the process H(t) is not easy to handle, and therefore we will express (16) as a function of H(T), and then determine a trading strategy which replicates this function.
Explicit solution in the power utility case
Let us consider the case of CRRA utility function de ned in (9) . In this case the optimal solution with non-negativity constraint on terminal wealth will have the same form as the optimal solution of the unconstrained problem. In fact, the CRRA utility functions exhibit an in nite marginal utility at zero wealth, so the non-negativity constraints never bind. From (9) 
For c = 0 the statement is obvious, so we only deal with the case c 6 = 0 .
From (7) 
Then (31) follows from (3) and the de nition of the market price of risk . Finally, i t i s easy to check that ( H t ) t2 0 T ) is admissible. Notice that (31) is the solution of (10) where U(y) = l o g ( y) and for this reason the process H(t) is also called the logarithmic portfolio (see e.g. Long 1990 ).
Under the hypotheses of Lemma 2, the trading strategy which replicates F(H(t) t ) P ; a:e: consists in a linear combination of the cash S 0 (t) the zero-coupon bond B(t T) and the portfolio H(t), with weights resp. (33) or equivalently in a combination of the cash S 0 (t), the bond B(t T) and the stock S(t) with weights resp. 4 A dynamic study
In this section we study the behaviour of the solution when time approaches to the terminal date and we compare our results with the dynamic study done by Bajeux-Besnainou, Jordan and Portait (1998). Bajeux-Besnainou, Jordan and Portait (1998) considered in a Vasi ek framework a model based on three assets: cash, a stock and a bond with constant time to maturity. They study power utility functions (whose ArrowPratt measure of absolute risk tolerance is linear). They nd that the optimal proportion of wealth invested into the risky asset turned out to beconstant but that, on the other hand, a shift of wealth from bond to cash occurs when risk aversion is large, while for less risk averse agents the proportion invested into the bond increases as time passes.
In order to compare our results with the ones obtained in the Vasi ek framework, we concentrate like them on the case of a bond with constant time to maturity K > 0, which w e denote by B K (t). In fact, the introduction of this bondsimpli es the calculations as it is di cult to check whether the proportion B t in (34) is a decreasing function of time. We therefore rewrite (34) in terms of S(t) B K (t) and S 0 (t). The trading strategy which replicates F(H(t) t ) P ; a:e: consists in a linear combination of cash S 0 (t), the bond B K (t) and the stock S(t) with weights resp. 
